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Abstract

In this paper, we propose a global optimization scheme based on quantizing the energy level
of an objective function in an NP-hard problem. According to the white noise hypothesis for
the quantization error with dense and uniform distribution, we can regard the quantization error
as an i.i.d. white noise. Additionally, the stochastic analysis shows that the proposed algorithm
converges weakly under the condition satisfying the Lipschitz continuity only, instead of local
convergence properties such as the Hessian constraint of the objective function. It leads that the
proposed algorithm ensures global optimization by Laplace’s condition. Numerical experiments
show that the proposed algorithm performs better in NP-hard optimization problems such as the
traveling salesman problem(TSP) than the conventional learning method.

1. Introduction

Finding the global optimum in the non-deterministic polynomial hardness problem(NP-Hardness
problem) such as the TSP has been a crucial research theme ([3, 6, 10, 20, 28, 34, 36, 38]). Since
Kirkpatrick et al. [29] presented the simulated annealing (SA) in 1980s, researchers have devel-
oped and applied various heuristic algorithms to combinatorial optimization problems, including
NP-hardness problems ([2, 11, 12, 14, 15, 17, 18, 26, 27, 35, 37, 39, 42, 43]). Despite regarding
such heuristic algorithms as alternatives of a stochastic optimization technique, the fundamental
dynamics of some algorithms are still unclear([1, 4, 8, 22]). Those unclear dynamics yields some
problems such as selection of suitable hyper-parameters for the optimization performance[19].

In contrast to the conventional natural phenomenon-based optimization algorithms, we propose
the quantization-based optimization algorithm with a monotonically increasing quantization reso-
lution in this paper. As shown in [5, 31, 41], the main research topic for quantization has been
minimizing the effect of quantization error in signal processing, and this approach is the same for
artificial intelligence and machine learning, as shown in [9, 25, 40]. However, if the distribution
of quantization error is sufficiently dense and follows a uniform distribution, we can let the quan-
tization error be a white noise as presented in Gray and Neuhoff [16]’s paper. Additionally, [23]
proved that it is an i.i.d white noise if components of a dense quantization error vector are asymptot-
ically pairwise independent and distributed uniformly. This property is known as the quantization
error’s white noise hypothesis(WNH). Accordingly, we can constitute a proper stochastic global
optimization algorithm based on a quantization error. We provide stochastic analysis to prove the
proposed algorithm’s weak convergence for global optimization based on Laplace’s theorem pre-
sented by [7, 13, 32, 33], and we apply the proposed algorithm to the TSP to verify the algorithm’s
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validity. Especially in the TSP with many cities, the proposed algorithm shows better optimization
performance than the SA and the quantum annealing (QA) algorithm.

2. Preliminaries
2.1. Definitions of quantization
Before illustrating the proposed algorithm, we set the following definitions and assumptions.

Definition 1 For f € R, we define the quantization of f as follows:

ichp-<f+0.5-@,:1>J=i(62p-f+ss>=f+eQ;1, feq (1)
Qp QP

, where | f | € Z is the floor function such that | f| < f forall f € R, Q, € Q7 is the quantization
parameter, and € € R is the quantization error.

fo -

Definition 2 We define the quantization parameter ), € Q™ to be a monotone increasing function
Qp : RT — Z7 such that

Qp(t) =n- " )
, where n € QT is the fixed constant parameter of the quantization parameter, b is the base, and
h : RYY s Z7 is the power function such that h(t) + oo as t — oc.

Assumption 1 For a numerical sequence { f(t)}32, where each f(t) € RT Vt > 0, suppose that
f(t) is defined on a dense topology space. By the WNH and the equation (1), the quantization error
g corresponding to t > 0 is an i.i.d. white noise defined on the probability space (0, F;,P.).

Under assumption 1, we can regard the sequence of the ftQ corresponding to f(¢) is a stochastic
process { ftQ }220- As a next step, to analyze the properties of the stochastic process { ftQ 1220, wWe
calculate the mean and the variance of the quantization error.

Theorem 1 If the quantization error ¢, € R"™ satisfying the WNH, the mean and the variance of
the quantization error att > 0 is

1
12 - Q%(t) '
To discuss the main algorithm, we consider the optimization problem for an objective function f
such that

Ver € R, ErQp(t)e: =0, ErQ,%(t)ef =Q,%(t) Eref = 3)

minimize f:R" — RT. 4)
In various combinatorial optimization problems, we deal with an actual input represented as x” €
[0, 1]™. Thus, we suppose that There exists a proper transformation from a binary input to a proper
real vector space such that 7 : [0, 1] — & C R™., where X’ is the virtual domain of the objective
function f. Under this transformation assumption, we assume that the f € C°° fulfills the Lipschitz
continuity as follows:

Assumption 2 For x; € B°(z*, p), there exist a positive value L w.r.t. a scalar field f(x) : R" —
R such that

1f () = f(@*) | < Lz — 27|, VE> t, 5)
where B°(x*, p) is an open ball B°(z*, p) = {z|||x — x*|| < p} forall p € RT", and z* € R™ is
the globally optimal point.
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Algorithm 1: Blind Random Search (BRS) with the proposed quantization scheme

Input: Objective function f(x) € R while Sropping condition is satisfied do
Output: zop:, f(Topt) Sett«t+1
Data: z ¢ R" Select x; randomly and compute f(x;)
Initialization 9« Qi 1Qp- (f+0.5-Q,1)]

- p

Set initial candidate xo and ., < g
Compute the initial objective function f(z)

Setb = 2and n = b~ lees(F@)+] 0« p
o e 1@y (f+05-Qp1)]

Topt < Tt
h(t) < h(t) +1, Qp < n - b"®)
f(f’f,t A Q%]LQP (f+05- QEl)J
end

end

2.2. Primitive algorithm

As the most elementary implementation, we apply the proposed quantization scheme to the blind
random search(BRS) algorithm.

First, as shown in Algorithm 1, we randomly select a input point x; and we quantize the value
of objective function f () such that f@(x;) with the quantization parameter Q,(t — 1). Comparing
both quantization values f@(z;_1) and £ (), if f9(Z;_1) is larger than or equal to the f%(x;),
then we set z; to be the optimal value and substitute z; to the x;. Following this procedure, we up-
date the quantization parameter as @, (¢ — 1) with increasing the power function h(t) defined in (2).
We denote it as the re-quantization. Since we update the quantization parameter, the quantization
value of f@(x;) is re-quantized with @, (t). Consecutively, we select another input point as a part
of a blind random search.

Furthermore, we propose a simple initialization of the quantization parameter to implement the
BRS using the proposed scheme. We want the transition probability of the initial state P(xy|x¢)
to be a high probability such as P(x1|zp) = 1. Therefore, the quantization of all the other objec-
tive function value f©(z1)Vx; # x should be lower than the quantization of the initial objective
function possibly. For this purpose, we set the initial parameter of the quantization parameter 7 as
represented as following theorem:

Theorem 2 Suppose that the initial value of a given objective function f(xg) € R issup,cr f(2).
The transition probability to the next step, P(x1|xo), yielded by the proposed algorithm is one when
the initial parameter n € Q7 satisfies the following equation:

= b Lo (f(x0)+1)] 6)

, where b is a base in definition 2 for Q,(t).

3. Analysis of the proposed algorithm

3.1. Fundamental dynamics of the proposed algorithm

Let a subset of the virtual domain X C R such that L9(t) = {x|f(z) — f9(Z:) < 0,Q,(t)}.
Under the procedure in Algorithm 1 and the definition of the subset L% (t), we note that the proposed
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algorithm can yield the following containment relationship between subsets:
It > to, L2(t) DL (t+1)--- D LO(t + k) (7)

The above equation can lead to the measure of L?(t) being proportion to Q, L(t) by Lipschitz
continuous represented in Assumption 2. In addition, since @, L(t) decreases monotonically by
definition 2, we can obtain the following inequalities about the measure of each subset:

3t > to, m(LO(t)) > m(LP(t+1))--- > m(L2(t + k)) (8)

Suppose that there exists a unique optimizer z* such that Vz € X, f(z*) < f(z) < f9(z). If
(8) brings limyo, m(LY(t + k)) = 0, we can note that f¢(z) — f(z). Accordingly, by the above
assumption of unique optimizer, we can obtain f@(x) — f(z*) intuitively.

To prove the above consideration, we set the following assumption.

Assumption 3 The power summation to the base b+R) s bounded such that

n

Jlim bR = b(t) < 0o, b(t) L Oast T oo 9)
— 00
k=0

Under the assumption 3, we can establish the following theorem

Theorem 3 For a large k > ny, if the proposed algorithm provides the sufficiently finite resolution
for < such that

FO@esr) = [ repr1) = Qplt+K) 7! (10)
,forall x; € R™ and t > 0, there exists n < ng satisfying the following
1f(@en) = f(@epns) | = [ f(@egn) — (@) (11)

For the stochastic analysis of the proposed algorithm, we can obtain the following lemma associated
with the difference of quantization errors to the quantized objective functions.

Lemma 4 Suppose that there exist two equal quantized objective functions for two distinguished
inputs xy, 41 € R™ such that f9(x;) = f@(x441). Under this condition, the quantization error
e}Qljl(t) of f9(x1) — f9 (x4 41) is evaluated as follows:

a@Q,"' = (e — &) - (@ — @) v - Q! (12)

, where vy is a normalized vector defined as vy = Hii%ii” and Qp(t) is a scaled quantization
parameter to Q,(t) with a constant value C' € R such that

Q, (1) =C -, (13)

With the above theorem and lemma, we can establish the stochastic differential equation(SDE) for
the proposed algorithm as follows:

Theorem 5 For a given objective function f(x;) € R, suppose that there exist the quantized
objective functions fC(x¢), f9(xy1) at a current state x; and the following state xy1 such that
Q@ (zy) > fQ(ay1), forall x4 1 # x¢; we can obtain the differential equation of the state transition
as follows:

dX; = =V, f(Xp)dt + /Cq - Q,  (t)dW, (14)
where Wy is a standard Wiener process, which has a zero mean and variance with one, Xy is a
random variable corresponding to xy, and Cy € R is a constant value.
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3.2. Weak convergence of the proposed algorithm

The equation (14) is the typical Langevine SDE, so we can expect that the transition probability
yielded by the proposed algorithm follows Gibb’s distribution based on a Gaussian function. Ad-
ditionally, we note that the proposed algorithm involves the hill-climbing effect brought by the
Wiener process dWy; hence the proposed algorithm is robust to local minima [32, 33]. However, an
asymptotic analysis of the Hilbert space always represents the possibilities of divergence in the opti-
mization algorithm containing the hill-climbing property. Therefore, we show a global optimization
of the algorithm including the hill-climbing, which is robust to local minima, so that we prove the
convergence of the transition probability yielded by the proposed algorithm to global optimum. We
denotes this convergence as a weak convergence. Particularly, the proof of weak convergence to the
transition probability represented with Gibbs’s Distribution is relatively clear based on the Laplace
theorem. In the proposed algorithm, as shown in (14), the variance of the transition probability
is in proportion to the inverse of the quantization parameter (), L(t). The inverse of the quantiza-
tion parameter is a monotone decreasing function to time ¢ as represented in Definition 2, and the
limit of the summation to time is finite as shown in Assumption 3. Consequently, we can expect
that the proposed algorithm fulfills Laplace’s theorem([7, 13, 21, 32]), and we can prove the weak
convergence as follows:

Theorem 6 If the dynamics of the state transition by the proposed algorithm follow (14), the state
x; weakly converges to the global minimum when the quantization parameter decreases to the fol-

lowing schedule:
_ V12-C

~log(t+2)’

With the assumption of an objective function’s Lipschitz continuous property, we can prove Theo-
rem 6 without any convex assumptions. Another property shown by Theorem 6 is that the proposed
primitive algorithm contains more strong convergence conditions than Theorem 6 represents. In
addition, since Q) ! is not a rational number, the implementation of the proposed algorithm may be
elusive. Therefore, letting (15) be an upper bound and another equation be a lower bound, we can
set h(t) as the following theorem for the global convergence and implementation of the proposed
algorithm.

inf Q-1(¢) CeR", C>0 (15)

Theorem 7 Suppose that there exists an integer valued annealing schedule o(t) € ZT such that
o(t) > info(t) £ ¢/log(t + 2). If the power function h(t) of the quantization parameter Q" (t)
Sulfills the following condition, the proposed algorithm weakly converges to the global optimum.

log, (Co - b7 +info(t)) < h(t) < log, (C1 log(t +2)) (16)

, where Cy = n/Cy and Cy = /Cyn/C.

Theorem 7 illustrates that if the algorithm controls the power function h(t) for the quantization
under the condition in theorem 7, we can find the global optimum with weak convergence property.

4. Simulation Results

To verify the optimization performance of the proposed algorithm for combinatorial optimization
problems, including NP-hardness, we accomplish the TSP simulation for 100 cities located in the
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Table 1: Simulation Results to TSP for 100 cities

Criterion Simulated Annealing ~ Quantum Annealing  Proposed
Average Minimum Cost 1729.50 1721.07 1648.26
Improvement Ratio to the Initial setting 19.90% 20.29% 23.67 %

Table 2: Simulation Results to TSP beyond 100 cities

Number of Cities  Nearest Neighbor(Initial) ~ Simulated Annealing  Quantum Annealing  Proposed  Improve Ratio

100 2159.27 1727.44 1729.69 1706.53 20.96
125 2297.86 2027.52 2028.2 1923.65 16.28
150 2497.65 2255.15 2252.82 2032.21 18.63
175 2380.52 2380.52 2380.29 2147.17 9.80
200 2769.73 2769.34 2769.42 2366.72 14.55

2-dimensional squared space with the range [0,200]. We use the OPT-2 algorithm, which is the
selection method of cities in TSP for the cost evaluation presented by [24]. The OPT-2 algorithm
is one of the transform functions for real binary input space to a virtual real vector space such
as T : {0,1}' — R"™, where m is the number of cities minus 1, n is a virtual dimension of the
virtual space. Using such transformation, we can assume that an objective function fulfills Lipschitz
continuity in that the OPT-2 algorithm changes the location of only two cities[13]. In all attempts,
we use a fixed location of cities to guarantee the generality of the simulation as possible. Moreover,
to guarantee an objective optimization performance for all algorithms in simulation, we set an initial
route for each city with the Nearest Neighbor algorithm for TSP, and we set the initial route as a
start Hamiltonian H for quantum annealing. The simulation result in Table 1 shows that the average
optimization performance of the proposed algorithm is superior to that of classical annealing and
quantum annealing.

Furthermore, we test the optimization performance of algorithms to TSP beyond 100 cities.
As well known, the difficulties to TSP beyond 100 cities increase dramatically. For instance, the
possible number of routes in TSP from 100 cities to 110 cities increase approximately 1020 times
(from 9.33 x 10%57 to 1.58 x 10'7®). Such increasing difficulties in TSP cause heavy computational
times for operation and failure of optimization. The simulation result in Table 2 represents that the
proposed algorithm can find a feasible solution even when the number of cities increases to 200,
whereas other algorithms fail to find a better solution than the Nearest Neighborhood method does.

5. Conclusion

We present a quantization-based optimization scheme with an increase in the quantization resolu-
tion to optimize an objective function globally. Provided stochastic analysis brings the SDE de-
scribing the dynamics of the proposed algorithm. Using the SDE and feasible assumptions, we
present the analysis for weak convergence of the proposed algorithm enabling global optimization.
The proposed algorithm is based on the mathematical feature of quantization error, whereas other
heuristic algorithms simulate natural phenomena. Consequently, we expect to develop an alternative
global optimization methodology by numerical analysis based on number theory. In future work, we
will research an effective iterative difference learning equation based on a quantized optimization
scheme for a continuous function to apply it to general machine learning and artificial intelligence
algorithms.
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Appendix A. Introduction
We set notations, proof of lemmas and theorems and more detailed information about the simulation

in the manuscript to the following sections.

Appendix B. Notations

* R" The n-dimensional space with real numbers

* R R"|,=1

* Rlo,f] {reRla<z<p, a,f€R}

* R(o,f] {reRla<z<p, o, R}

* Rlo,8) {reRla<z<f, a,f € R}

* R(a,8) {zreRla<z<p, a,f€R}

* Q" The n-dimensional space with rational numbers
*Q Q"=

* Z The 1-dimensional space with integers.

* N The 1-dimensional space with natural numbers.
e Rt {z[z>0, z € R}

e R™" {zjz >0, x € R}

. Qt {az>0, z € Q}

e Q' {zlx >0, z€Q}

« Zt {z|lz >0, x € Z}

« Zt {z|r >0, x € Z}, ZTT is equal to N.

|| max{y € Z|y < z,Vx € R}

[] min{y € Z|y > z,Vx € R}

Appendix C. Auxiliary Lamma

We use the following lemma to prove the theorems represented in the next chapters.

Lemma : Auxiliary 1 Forall x € R,

(1 —2x) <exp(—x). 17)
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Proof By definition of the exponent, we write the exponential function as following fundamental
series :

_ 200 1 A - 1 2k 1 2k+1
= k=0
Let uy, as follows:
1 5 1
E— 1-— 19
T ( 2k+1x> (19)

, then we can rewrite the series of exponent such that
o0
exp(—x) = ug + Z U (20)
k=1

For all £ > 0, since each wy, is positive, we have

oo
1—x:u0§u0+2uk. 21
k=0
Alternatively, we can prove the lemma with differentiation. Let g(xz) = (1 — z) — exp(—x).
Differentiating g(x) to x, we get
% (#) = 1+ cap(-a), T4 = —exp(-) @)
—(x) = -1+ exp(—x), —5 = —exp(—x
dx P " dx? P
We note that g() is a concave function since fng < 0, Yz € R. In addition, the maximum of g(z)
is zero at « = 0 from which g—g(a:) = —1+ exp(—x) = 0. Therefore, since g(x) < 0, it fulfills the
Lemma. u

Appendix D. Proofs of the theorems in section 2
D.1. Proof of theorem 1

Theorem 1 If the quantization error ¢, € R" satisfying the WNH, the mean and the variance of
the quantization error att > 0 is

Ve, €R, ErQp(t)er =0, ErQ,*(t)ef =Q,%(t) Eref = (23)

1
12-Q2(t)
Proof The theorem is explicit according to the WNH. Let A be the brief notation of £:Q), L.

According to Jiménez et al. [23], & is uniformly distributed in [-Q,, L), Qp L(¢)) under the WNH
and Definition 1. Therefore we can obtain the expectation value of A = stQ; 1 (t) as follows:

Qy(t)/2 Q)2 —1(4)2 —1(4)2
EEA—/F AIPEdA—ll-/p Add = (L W7 )
—Qp'(1)/2 Qp (1) J-qg; w2 2Qp " (t) 2 (—2)

24)
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In a similar way, we can obtain the variance such that

1 Qp'(t)/2 1 1 L) —Q- ()3 1
E]:tA2:_1/ P AQdA: — - Qp () . Qp () _ . (25)
Qp () /-5 )2 Qp'(t) 3 8 8 12 Q3(t)
From the WNH, the square of ¢; is one, so that we obtain the result of the theorem. |

D.2. Proof of theorem 2

Theorem 2 Suppose that the initial value of a given objective function f(x¢) € R is sup,cr f(z),
then the transition probability to a next step P(x1|xo) lead by the proposed algorithm is one when
the initial parameter n € Q" of the Q,, satisfying

n = b~ Lloge(f(0)+1)] (26)
, where b is a base in definition 2 for (), defined .
Proof By assumption, we can set the following inequality for all x1 # xg
F(z0) + Q1 (0) = f(21) + Q" (1) @7
By definition of the quantization parameter Q,, @, (0) = nb° = nand Q,(1) = nb~1, thus
flxo) +n~t > fz1) +n7'0 = f(xo) = f(z1) 20 (b—1). (28)
Suppose that 7 is a power of b, i.e., n = b*, where k € ZT. Substitute 7 with the power of b such

that
f(zo) — f(x) Sk

flwo) = fla) 2075 (b —1) = == ———=>
f (o) — f(1) @
— —logb% <k = k>logy(b— 1) —logy(f(x0) — f(x)).

Since log;, (b — 1) > 0 and logy (f(xo) — f(x1)) > log, f(xo) for all 1 # ¢, we obtain

k > logy(b — 1) —logy(f(zo) — f(x)) > —1 —log, f(z0) = —[1 +log; f(zo)]  (30)

Therefore, if f(z9) € R is sup,cg f(«), thus the initial transition probability is one, we can
set the initial value of quantization parameter = @, (0) to be

n="5b" Liogs (f(z0)+1] 3D
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Appendix E. Proof of lemma and theorem in section 3

E.1. the proof of theorem 3

Theorem 3 For a large k > ny, if the proposed algorithm provides the sufficiently finite resolution
for £ such that

PO @) = [ () = Qp(t + k)7 (32)
,forall z; € R™ and t > 0, there exists n < ng satisfying the following
1f (@e4n) = f@rpns) | 2 [1F(@en) — £ (7). (33)

Proof Assume that f9(z*) = f(z*), and f%(x) # f%(y) for all z,y € R™ and = # y. From the
definition of the algorithm, we note that the infimum of the difference between f%(x) and f%(y) is
Q,(7)~! when f9(z) and f9(y) are not equal. Thus, we can obtain

FOas) = fOwsy1) > Qp(s) L =010 Vb € Z(1, 00) (34)

, where s € Z'. By assumption, for an positive real integer 7 > s, the difference fQ(x,) —
f9(2,41) is equal to the each quantization step i.e. f9(z;)—f9(x,11) = 7~ 1-b~"M7) Accordingly,
(34) leads

fQ(a:T) - fQ(x*) = fQ(xT) - fQ(xT-&-l) + fQ(xT-i-l) - fQ(xT-i-N) + fQ(xT-Fn) - fQ(x*)
n—1
= 77_1 Z b_B(T+k) + fQ(zT+n) - fQ(x*)
= (35)

If we can find the optimal point at the step 7 4+ n, we can obtain the supremum of the bound to
the difference f©(2,4,) — f9(x*) as follows:

sup xinf 1f9(@r4n) — f9(27)] = sup xin+f 1f9(@r1n) — f(2¥)
=sup inf || f(z*) + Q""" — f@)|  (36)
Tr4+n
_ Q;E(T—l—n) _ 77—1 . b—fz(T—i—n).

Thus, we can obtain

n—1
fQ(l,T) N fQ(a:*) < 7’71 Z b*h(T‘i’k) + nfl . b*h(T‘i’n)
k=0 . (37
_ 77_1 Zb_h(T+k) < 77—1 Zb—h(T-i-k) _ 77—1 . 5(7_)
k=0 k=0

By assumption, since the b(t) is a monotone decreasing function with respect to ¢, there exists § > 0
such that § > b(7). Therefore, there exists s > 7 such that

FOxs) = fPxspr) =L 07" >l >t ap(r) > fQa,) — fO*). (38)

10



QUANTIZATION BASED OPTIMIZATION : ALTERNATIVE STOCHASTIC APPROXIMATION OF GLOBAL OPTIMIZATION

1 82f
/ (1= s){(ze41 — wt)@(xt + s(Tr1 — 1), Ter1 — ap)ds
0

f9(x) + lel@p "

Tt z9 T4+1

Figure 1: Conceptual diagram for Lemma 4. In an equal quantization level, we can dismiss correct
value of f(z) since f@(z) = f9(y), Vo # y.Thus, we can let f(z) as a simple low-order
function such as the first-order function, within an equal quantization level instead of the
correct f(x)

E.2. the proof of Lemma 4

Lemma 4 Suppose that there exist two equal quantized objective functions for two distingushed
inputs xy, x1+1 € R™ such that fQ(LL‘t) = fQ (z¢41). Under this condition, the quantization error
&Q, 1 (t) of fO(xr) — f9(xi41) is evaluated as follows:

575@;1 = (6t+1 — &) - (T1 — m¢) - vt - Q;l (39)
Tt41—Tt

i1 —al
parameter to Q,(t) with a constant value C' € R such that

, where vt is a normalized vector defined as vy = and Qp(t) is a scaled quantization

Q- () =C - b, (40)

p

Proof According to the assumption, we can consider the case represented in the figure 1 as follows:

0= f2err)—fOwt) = flwer) = @)+ (em—e)Qy ' = Fza)—f(ae) = —(er1—e)Qy "
(41)

11
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Furthermore, considering the line across the points (z, f(x¢)) and (2441, f(x141)), we get the
following equation for such line:

y f(@e1) — f(x)

7 Ti41 — T
x =
A P

[

v (x—x) + fzy), v = (42)

By definition of the quantization parameter, we note that QQ,,(t) =7 - b"®). In addition, Theorem 2
represents 7 = b~ 108 (f(@0)+1)] Without losing generality, we can set 7 as follows:

n = b~ Uos(f(@o)=f@ N+ = vy e R™, f(a*) < f(x). (43)

Practically, we cannot know the optimal point correctly in most optimization problems, so the above
definition for 7 is an ideal and theoretical case. Letting Q,, L= pn=1. 5" we obtain

Q" = ploss o) —S@Ne ph0) — (f(ag) — f(a¥)) - BROFe (44)

, where ¢ is an error led by the floor operation. Spanning f(xg) — f(«*) for a finite value n > ny,
we get

f(zo) = f(2") = f(x0) — f(z1) + f(21) — f(@2) -+ - + f(T44n) — f(27)

45
< [1f(ao) — Fnll +1F @) F@l-+ [farma) — Fa]
Since Theorem 3 is hold, we can rewrite the final term of the right side such that
flxo) = f(@") < [[f(wo) = f@) | + [1f (@1) = fl@2)l| -+ + | (@t4n) = f(Ttan-1) | 46)
<n-|[f(@rg1) — f(zr)]
, where 7 € Z7 is defined as
Vt > to, 31 € Zlto, 1] such that || f(z711) — f(zr)l| > | f(ze41) — f(2)]- (47)

By Lipschitz Continuous, we note || f(z-+1) — f(z;)|| < L||zr4+1 — z-||, so that we can obtain the
following inequality:

flxo) = f(@") <n-L-|lwrsa —ar| o7 €2V (48)
Thus, we can partition the (), as follows:
Q" = (flwo) = f(a™) - 0P OT < flaryy —ar|l-m - L8OV = oy — Q0 (49)

, where Q1 2 Cp- 4"+ and Cy = nL. Since |[zr41 — 2| > || Terrr1 — zesll, Vo € Z[1,7],
we can set a positive value p > 1 such that

||557'+1 - :ET” =D ||xt+1 - xt” (50)

, for an arbitrary ¢ > 0. By (41) and (42), we get

Fern) = fee) = —(er1 — e)Q, ! (5D

12
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and

f(@i1) — f(21)

| ze41 — 2]

f(xey1) — flo) = V- (1 — 2). (52)

Therefore,

f@ea) = fz) = = (g1 — €)Q,

2741 — 2-| - Q;l

)
= —(€t+1 - Et)
)
)

= —(et41 — &) - || Trg1 — 2 ||vg - Vg - Q;l
Tyl — T =_
= —(et+1 —&t) - |[or 1 — 'ITHM "Vt Qpl (3)
|1 — 24|
Tt41 — T =_
= (e — ) oess — o SZELZE) o
|Zt41 — 2]

3—1

= —(et41 = &) - (T41 —3) v - Q
where Q-1 = p Cy b+, C tly, let &, £ &, — btai
, » =pCo . Consequently, let &, = ¢; — €;—1, we can obtain

&Qy" = (err1 —er) - (w1 —m) - ve - Q' (54)

Theorem 5 For a given objective function f(x;) € R, suppose that there exist the quantized ob-
jective functions f9(x;), f9(x441) at a current state x; and the following state x4,y such that
fQ(xy) > fRxip1), for all z4y1 # x4; we can obtain the differential equation of the state transi-
tion as follows:

dX; = =V, f(Xp)dt + /Cq - Q' (t)dW, (55)

where Wy is a standard Wiener process, which has a zero mean and variance with one, X; is a
random variable corresponding to x;, and C, € R is a constant value.

Proof By definition 1, we can write the quantized objective function f%(x;) as follows:
FOxe) = flae) + 20 Q' (t) (56)
According to (56), we can write the difference of the quantized objective function as follows:
FO @) = F9 @) = () = Flon) + (e — &) - Q' (D) (57

By the definition of Taylor expansion, we get

1 2
f($t+1) —f(ﬂl't) = V$f($t)($t+1 —xt)+A (1—8)87£($t+8($t+1 —$t))($t+1 —l't)zds. (58)

Accordingly, calculating (57), we can obtain

0= fwrs1) = [P (2e) = f@rp) = f@) +8-Qp (1) = flaer1) — fzr) = 1@, (£) (59)

13
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, where Z; is a difference of &; such that & £ ;.1 — ; and & € R[—1,1]. Since Lipschitz
continuous condition (Assumption 2) and f9(z,11) — f¥(x;) < 0 is hold, there exists a positive
value m € R" such that

2
1

92 Vo =z + s(xp1 — x4), s € R[0,1]. (60)

A .
m = inf
xT

Using (54) and (60), we rewrite (58) as follows:

f(@epr) = f(ze) > Vo f (@) (@1 — 20) + m(ze — xt)z/o (1= s)ds + th;I(t)

m _
= (w41 — @) - Vo f(2e) + E(xt—i-l —20)? +&Q, () (61)
o~ m
= —\Tt+1 — T¢) - | = Va (Xt Ut - E¢ - Tt41 — X
(s —20) - (Ve @) + v 505 (1) + 2 es — 20)?
, where v; is a normalized vector such that v; = % In (61), if we choose (z1+1 — 2¢)

appropriately, we note that there exist a positive m satisfying the inequality condition f(z;y1) <
f(x¢). Thereby, when we set z441 — x; as follows

Tip] — Tt = —fo(l‘t) + v - EtQI;I(t) (62)

, we can obtain the following inequality:

m

0> f(zp1) = flze) > (mrg1 — )’ (5 - 1) : (63)

Consequently, when the infimum to the second derivation of the objective function f(x) fulfills

0 < m < 2, we can find the state x;1 satisfying the inequality f(x;+1) — f(x¢). Conversely, if
m > 2, it contradicts f(x¢+1) < f(x¢). In other words, (63) turns to the follwoing inequality:

Flaerr) — Flxe) > (zes — 20)° (% - 1) >0, Vm > 2. (64)

(64) implies f(x¢+1) > f(x), and it means that the proposed algorithm brings a hill-climbing ef-
fect within the domain fillfills the quantized range such as = € {z|f9(z) = f9(zi41) = f9(x1)}.
Since the proposed algorithm serves the bounded range provided by the quantization for each itera-
tion, the hill-climbing effect cannot lead to divergence of the algorithm.

To obtain a differential form of the difference to x4, we let Z(s) = x4+ s(x¢41 — x¢) and rewrite
(62) as following integral equation:

1 1 197 1
Tip1 — ¢ = (Tpg1 — xt)/ ds = / (441 — z¢)ds = / 8(5) ds = / dZ(s). (65)
0 0 0 0

S

From (62), we can get

1 1 1 B t+1
Tpp1 — Ty = / dZ(s) = / (441 — m)ds = / (=Vaf(xe) + v - E}le(t))ds = / dxs.
0 0 0 ¢
(66)
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Herein, since vy is a normalized vector, we can get the variance of vy - £:Q),, L(t) such that

~ - . 4 -
Er, (v, v0) - 70, 2(1) = QY (NERE = ——=—— = C,Q;%(t) |l =1, C;=1/3
12 - Q2(t)
(67)
Differentiating the two right-most terms in (66), we obtain
0 0 o~
% /d.’lﬁ's - = % /(—V;pf(xt) —+ v - EtQp (t))ds -
= dX; = -V, f(Xy)dt +/Cq- Q, dW;
|

Theorem 5 gives the fundamental stochastic differential form to evaluate the optimal quantiza-
tion schedule for global optimization.

In (63), you can argue that, if m is larger than two, then the inequality is broken. However, since
m is just an infimum of the second derivation of the objective function, not the correct value, we
can regard it as a quadratic approximated function to the objective function. Thus, the proposition
holds sufficiently when the objective function is locally convex on some domain around x;. The
more important point is that the proposition also holds when m is negative or zero. Negative m is
that the objective function is a concave function on a local domain of x;. In a conventional convex
optimization theory, we cannot obtain a less value of an objective function at a next state x;,; based
on a negative gradient than a current value. However, since the proposed algorithm can get a lower
value of the objective function at the next state despite a concave function, m can be equal to or less
than zero. Additionally, when the value of the objective function on the next state is larger than the
current state, the quantization makes the next and the current value of the objective function equal
so that the proposition still holds.

Even though the proposed algorithm does not have any scheduler like the temperature scheduler
in simulated annealing, if the quantization parameter decreases to the schedule provided by the
following proposition, the proposed algorithm can find the global optimum in the minima possibly
found.

Theorem 6 If the dynamics of the state transition by the proposed algorithm follow (14), the state
xt weakly converges to the global minimum when the quantization parameter decreases to the fol-

lowing schedule:
_ Vi12.C

+
gy CERNLO>0 (69)

. -1
inf Q" (1)

Proof For the proof of the theorem, we depend on the lemmas in works of Geman and Hwang [13].
First, we prove the following convergence of the transition probability:

lim  sup ||p(t, T4, t +7,2%) — p(t, e, t +7,2%)|| =0 (70)

T30 py,xpy - ERM

, where ¢ and 7 is the current time index and the process time index, respectively. z* represents an
global optimum for the objective function f(x).
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Let the infimum of the transition probability from ¢ to ¢ 4 1 such that

0 = mf p(t z,t+1,y) (71)
z,y€

According to the lemma in Geman and Hwang [13], the upper bound of (70) is
o
lim sSup ”p(tjt)t—i_Ta :E*) _p(ta xtat"{_va*)H < 2‘|m*||00 H(1_5t+k) (72)
T—00 Tt,Ti4+r ER™ k=0
From the exponential approximation (1) in Lemma:Auxiliary, we rewrite (72) as follows:
o0
T osup |l ant 4 a) — plt ot £ a0)]| < 2l exp(— 3 0n)). (73)
TR0 g2 - ERT

Herein, to obtain the bound of §;, 1, we rewrite the SDE for the dynamics of the proposed algorithm
from Theorem 6:

dXs = -V [f(Xs)ds+ o(s)\/CedWs, seR(t,t+1). (74)

, where o(s) £ Qljl(s).
Define a domain F{f : [t,t + 1] — R", f continuous }, Let P, be the probability measures on
F induced by (74) and the probability distribution () given by the following equation:

dXs=0(s)\/CydWs, s€R(t,t+1). (75)
According to the Girsanov theorem (Klebaner [30], @ksendal [44]), we obtain

dPx B t+1 Cq_l _ 1 t+1 C’_ 9

To compute the upper bound of (76), we will check the upper bound of ||V, f||. Considering As-
sumption 2, the gradient of f(x;) € C? fulfills the Lipschitz continuous condition as well. Thereby,
there exist a positive value L such that

|V f(ws) — V()| < Llws — x*|], Vs> 0. (77)
Successively, since V. f(z*) = 0, the Lipschitz condition forms simply as follows :
IVaf(ze)| < L'p = Co (78)

, where p = ||z, — z¥||.
Consequently, for all s € R[t, t+1), we compute the upper bound of the first term in exponential
function in (76) as follows:
t+1 p
< — V. f(Xs)dX

t+1 Cq—l
t+1 C*l
g/t 2y IVed (Xo)lo(5) /W,

t+1
s Vel [ aw

o 1 1 1
< W, —Cpy/C;t 2).
= O'( ) COH t 2” = O'(S) CO Cq (p+ 2)
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(79) implies that

C
<o (80)

t+1 -1

, where ('} is positive value such that C'y > Cy4/ C’ljl (p+ %)
In addition, the upper bound of the second term is

1 t+1 qul ) 1 1 o1
_ < = q 2
5| [ eIV IR < 5 [ v x| Pas
71 t+1
< = sup ||V 2/ ds &1
5 s VLSO
1 e Co 1 2
< : = . C2.

Since o(s) = Qp 1(¢) is monotone decreasing function, the supremum of o (s) is ¢(0) for all
s € R[0,00), i.e. sup,cRrjo,00] 0(8) = 7(0) £ . With the supremum of each term in (76), we can
obtain the lower bound of the Radon-Nykodym derivative (76) such that

dP, 1 Cs Cs ..
de > exp ( @ <C’1 + 20‘(5))) > exp <U(s)> , o C3>20(0)Ce+Cp.  (82)

Accordingly, for any £ > 0 and x;, * € R", the infimum of P, (| X;+; — z*| < ¢) is

Po(| X1 — 2| <€) > exp (— 3 > Qu(| Xis1 — 2*| < &). (83)

G
o(s)

Since (), is a normal distribution based on (75), we have

C3
P.(| X1 — x| <e) > exp <—>/ dx
(1Xe1 =" <2) ) herrce oo %FHCd tHCd

\f—i—s
20 [T qr dx
e~ x*u<so 2 C, ft+1d7 20, ),

( f+g

)

! <1+(\/’3+€) )25

1 <2Cq+((}gﬁ—|-s)2>

p=0,e=0

(84)
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Finally, we obtain the lower bound of the transition probability such that

5 = inf p(t,z,t+1
= b p(tzt+1y)

T=x¢, y=o*

1
= inf lim —P(| Xy — 2| <
e

1 C
> inf lim —-Cy-exp ) e
z,yeR"e—0 € o(t)

C
> exp <—0_(i)) , o C5>C3+4+0(0)-|InCy|

The above inequality implies that, if there exists a monotone decreasing function such that o(s) >

lolt;(C’ﬁ’ it satisfies that the convergence condition given by (73) such that
Ot > ——log(t+2+k) ) = —_— = vk > 0. 85
> _zp( Clog(t+2+8)) > a0 69

Substitute (85) into (73), we obtain

00
lim sup |’p(t,jt’t +7, .’E*) - p(ta x, t+ T, SU*)H < 2‘|$*||OO eXp(i Z(St-‘rk)) =0. (86)

700 z¢,Tt4- ER™ k=0

E.3. Proof of theorem 4.3

Although Theorem 6 provides the scheduler of the quantization parameter obtaining the global
minimum, the scheduler is not practical. Whereas the quantization parameter is a rational number,
the value of the scheduler is a real number. Therefore, we have to set an appropriate bound of the
scheduler for the quantization parameter. The following theorem gives one instance.

Theorem 7 Suppose that there exists an integer valued annealing schedule o(t) € Z such that

o(t) > info(t) £ ¢/log(t + 2). If the power function h(t) of the quantization parameter Q" (t)
fulfills the following condition, the proposed algorithm weakly converges to the global optimum.

log, (CO b -infa(t)) < h(t) < log, (C1 log(t +2)) (87)

, where Cy = 1,/Cq and Cy = \/Cyn/C.

Proof From the Theorem 5,6, we obtain the infimum of o(t) £ /C,Q,(t). To evaluate the
integer value of the quantization resolution (), (t), we set T'(¢) to be a supremum of o (t) such that

C
m <o(t) <T(1). (83)
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In (88), T'(t) is a monotone decreasing function, such as 7'(¢) | 0 with respect to ¢ 1 0. Moreover,
when A is given as A = sup,, ,er (f(7) — f(y), T'(t) includes the following properties:

d <_ 2A ) _ ar(t) 1

at P\ T dt T2t

exp (—;(At)> — 0, astfoo (89)

From Definition 2, we note ), = 7- b="(®), 50 that we substitute o (¢) with Qp(t) in (88), as follows:

C

- R
og(t 1 2) <\/Cy-n-b <T(t). (90)

Applying the log function to each term and rearranging, we obtain

log, (VTZ")”) < R(t) < log, (m” Logle + 2)> . 1)

C

8
Let T(t) £ b7+2 - (inf,s0 o ()L, then we get

_ /Cyn - log(t + 2
log, <n\/cq b gga(t)> < h(t) < log, ( cil Cog( i )) . (92)
Let Cy = n4/Cy and Cy = /Cyn/C, then theorem holds. [ |

E.4. Travelling Salesman Problem (TSP)

As mentioned in the manuscript, we accomplish the optimization test with equal and fixed loca-
tions of cities for all attempts. Figure 2 shows the initial path given by the nearest neighborhood
algorithm, the final route given by simulated annealing, quantum annealing, and the proposed opti-
mization algorithm.

Figure 3 shows the trends of the minimum cost produced by each tested algorithm. Since sim-
ulated annealing and quantum annealing employ an acceptance probability, the trends of the two
algorithms represent fluctuation in the early stage of optimization. However, the proposed algo-
rithm does not include acceptance probability, so that the minimum cost decreases with relatively
small fluctuation seen in simulated annealing and quantum annealing.

In addition, such slight fluctuation brings a fast convergence to a feasible (or global) solution
compared to other algorithms. The quantization employed in the proposed algorithm provides a
hill-climbing effect as other algorithms do. However, the proposed algorithm suppresses the hill
climbing effect reasonably so that the candidates provided by the optimization algorithm cannot
diverge to an unfeasible solution so far. On the other hand, the other algorithms permit the candidate
to diverge under the acceptable probability, requiring more time to converge, even if the algorithm
can find the global minima.

The reasonable hill-climbing provided by the proposed algorithm represents robust optimization
performance compared to other algorithms using an acceptance probability.
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(a) Initial path given by the nearest neighbor-
hood algorithm (cost is 2159)
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(c) Final path given by the quantum annealing
algorithm (the minimum cost is 1706)
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(b) Final path given by the simulated annealing
algorithm (the minimum cost is 1731)
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(d) Final path given by the proposed algorithm
(the minimum cost is 1636)

Figure 2: Comparison of TSP routes provided by each optimization algorithm
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