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1 Continuity and Uniform Continuity

f is continuous at x̂ iff for any convergent sequence {xi}i∈N to x̂, f(xi) also converges to
f(x̂).

1.1 Example

f : X → M is continuous, and X is compact then f is uniform continuous on X

1.2 Proof

Since f is continuous, ∀x ∈ X, ∀δ > 0, ∃ǫx > 0 such that ‖ f(y) − f(x) ‖< δ implies
that y ∈ B0(x, ǫx). Since X is compact, {B0(x, ǫx)}x∈X covers X (i.e.

⋃

x∈XB
0(x, ǫx) ⊃ X)

Moreover, Since X is compact, there exists a finite number of open covering, say {xi}ki=1 such
that

⋃k

i=1 B
0(xi, ǫx) ⊃ X. Then, pick ǫ such that ǫ = mini={1···k} ǫxi

. It implies that ǫ satisfies
the property.
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2 Twice Differentiable

g′′(s) =
〈

(y − x), d
2 f(x+s(y−x))

d x2 (y − x)
〉

2.1 Example

Then, Set (1− s)g′′(s) = d
d s
((1− s)g′(s) + g(s))

2.2 Proof

∫ 1

0
(1− s)g′′(s)d s =

∫ 1

0
d
d s
((1− s)g′(s) + g(s))d s

=
∫ 1

0
d((1− s)g′(s) + g(s))

= 0 · g′(s) + g(1)− g′(s)− g(0)
= g(1)− g(0)− g′(s)

= f(y)− f(x)− 〈∇f(x), y − x〉
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